MATHEMATICS OF COMPUTATION, VOLUME 29, NUMBER 131
JULY 1975, PAGES 837-843

On the Osculatory Rational Interpolation Problem

By Luc Wuytack

Abstract. The problem of the existence and construction of a table of osculating rational
functi. ns r1,m for 1, m = 0 is considered. First, a survey is given of some results from
the thory of osculatory rational interpolation of order s; — 1 at points x; for i > 0.
Using these results, we prove the existence of continued fractions of the form

cg tepr(x—yo)+ ..ot op(x—yg). . (x—yr_q)

Cet1(x = ¥g) - (x =y . Crt2°(x = Vg4)|

T 1 [ 1

Cr+3" (X = Vi 42)|
+ - + ..

.

with the y; suitably selected from among the x;, whose convergents form the elements
"k,00 TE+1,00 ThH1,10 ThA2,10 0 of the table. The properties of these continued frac-
tions make it possible to derive an algorithm for constructing their coefficients c; for

i =2 0. This algorithm is a generalization of the qd-algorithm.

1. Introduction. Let X be a set of distinct points x; and s; be a positive integer
for i 2 0. Let fbe a real function, whose derivatives f,.(") fork=0,1,...,s; — 1
are given in each of the points x;. The class of polynomials of degree at most n will be
denoted by P, for every n = 0.

Let 7 and m be nonnegative integers such that [ + m = ZL, s; +t — 1 and 1 <
t <§;4 . The class of (ordinary) rational functions r = p/q, with p €P;,q € P, and
p/q irreducible, will be denoted by R(I, m). The problem of osculatory rational interpo-
lation of order (/, m) consists in finding an element r in R(I, m) whose derivatives satisfy
the following relations:

r(k)(xl.)=fi(") fork=0,1,...,5;,-1andi=0,1,...,j,
6]
MO, ) =FF) fork=0,1,...,t-1.
In order to answer the question about the existence and uniqueness of a solution for this
problem, we also consider the problem of finding elements p € P, and ¢ € P,, satisfying
o PO =(f+)®(x;) fork=0,1,...,5,~1andi=0,1,...,j,
p(")(xj+l) = (f°q)(")(xi+1) fork=0,1,...,¢t—1.

Let p(x) = Z}_, a;*x’ and q(x) = =/, b, * x*; then (2) can be considered as a system
of I/ + m + 1 linear homogeneous equations in the / + m + 2 unknowns ag,ays .- -
a,by, ...,b, . Consequently, this system has always at least one nontrivial solution.
Let p,, q, and p,, q, be two different solutions of (2) and define r, and r, as follows:
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ry =p,/q, and r, = p,/q,. It is not hard to prove that r, and r, are equivalent, or
P1°q, =DPy°4;-

Let p, g be a solution of (2); then r = p/q may not be an element of R(I, m)
since p/q might be reducible. Let p,/q, be the irreducible form of p/q. If q, =
DI di°xi with dj #0andd;=0fori=0,1,...,j— 1, then we assume that
Po/d, is normalized in such a way that d; = 1. The rational function r, ,,, in R(J, m)
defined by r; ,,,(x) = po(x)/qo(x) for every x with q4(x) # 0, is called the (I, m)-oscu-
lant of f. The exact degree of p, and g, will be denoted by ' and m" respectively.

In the next section, some results on the existence and uniqueness of a solution to
the system (1) are given. A necessary and sufficient condition for the existence of such
a solution is proved, and it is shown that there is at most one rational function in
R(I, m) satisfying (1).

In Section 3, sequences of osculating rational functions of different degree are
considered. The existence of continued fractions, whose convergents form the elements
of these sequences, is shown.

Algorithms for computing sequences of osculating rational functions are considered
in Section 4. A new algorithm is derived, based on the properties of osculating con-
tinued fractions. It is shown in Section 5 that this algorithm is a generalization of the
qd-algorithm for Padé approximation.

The basic ideas used in this paper are similar to those used in [6] and [7] for the
case of ordinary rational interpolation.

2. Existence and Uniqueness of a Solution in Osculatory Rational Interpolation.
Since the rational functions associated with two solutions of (2) are equivalent, they
have the same irreducible form. Therefore the definition of (/, m)-osculant implies the
following result.

LEMMA 1. Let I and m be nonnegative integers; then there exists a unique (I, m)-
osculant of f.

Consider the (I, m)-osculant 7, ,, = py/q, of f. Using a simple example we now
show that p, and g, do not always satisfy Egs. (2).

Example 1. Let x, =0,x; = 1,5, =2, 5, = 1 and f{O = [ = (O =1,
Consider the problem of finding elements p, g € P, satisfying (2) or

p(xg) = f§0 < alxy),  p'xg) = fD - alxy) + 89+ d'(xg),  plxy) = f{Oq(x)).

The elements p and g defined by p(x) = g(x) = x for all x satisfy these equations.
Consider p, = q, = 1; then the (1, 1)-osculant of f is defined by ra= Polay- It is,
however, clear that p, and g, do not form a solution of the above equations.

Using the (/, m)-osculant r; ., = po/q, of f it is possible to construct a solution
of (2) very easily by multiplying p, and g, with certain powers of (x — xl.) for some
j 2 0. To do this more explicitly, we introduce the following notations. Let the points
Yos¥Y1,¥3, - . . be defined in the following way

yi=xy fori=0,1,...,50 -1 and

€) j=1

Yepi=X; fori=0,1,...,5-1, withs=kz_:0skand]'>1.
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The next lemma can now be proved by applying a method similar to the one used in the
proof of Lemma 2 in [7].

Lem™aA 2. Ifr, ,, = Pola, is the (I, m)osculant of f, then there exist N points
{z1,25, ..oz in {¥gs V1o o s Vigmb With O S N<min{l — I', m — m'}, such
thatp=(x—2,)...(x —zy)*pyand q = (x — z;) ... (x — zy)* q, satisfy Egs. (2).

In order to apply Lemma 2 to the situation given in Example 1, we take N = 1
and z; = x,. Sincer, ; = pylq, with py = g4 = 1, we have I’ =m’ = 0 and
min(/ — I',m — m') = 1. The elements p,, and q, do not satisfy Eqgs. (2), but it is
clear that p = (x — x,)* py and ¢ = (x — x,) * g, form a solution of (2).

The following important relationship between the systems (1) and (2) was proved
by H. E. Salzer in [3, p. 487].

LemMA 3. If q(x;) # O, then the system

/)P ) = f®x,) fork=0,1,...,5-1,
is equivalent to the system
@) = )P) fork=0,1,...,s;~1.

In the remaining part of this paper, we say that an element r = p/q from R(l, m)
is satisfying (2) if p and g satisfy (2). It is now possible to give a necessary and suffi-
cient condition for the existence of a solution for (1).

THEOREM 1. There exists a rational function r in R(Il, m) satisfying (1) if and
only if the (I, m)-osculant of f satisfies (2).

Proof. Let r = p/q be a solution of (1) then q(x;) #0 fori=0,1,...,j+ L.
Using Lemma 3 we find that Eqs. (2) hold. If 7 is an element of R(I, m), then p/q is
irreducible. Since 7, ,, is unique (Lemma 1), we must have 7, ,, = p/q, consequently
the (I, m)-osculant satisfies (2). The converse can be proved as follows. Suppose "om =
Po/q¢s then the irreducibility of p,/q, implies qox;))#0fori=0,1,...,j+1. If
1y, m satisfies (2), then Lemma 3 implies that p,/q, is a solution of (1), or there exists
an element in R(J, m) satisfying (1).

From the proof of Theorem 1 we see that every element r in R(I, m) satisfying
(1) must be equal to 7, m- Consequently, Lemma 1 and Theorem 1 imply the following
result.

THEOREM 2. If the osculatory rational interpolation problem (1) has a solution
in R(I, m), then this solution is unique and equal to "m:

3. Osculatory Continued Fractions. The (I, m)-osculants of f, for different values
of I and m, can be arranged in a scheme like Table 1.

TABLE 1. Table of (I, m)osculant. of f
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We assume that every element in Table 1 is a solution of the corresponding osculatory
rational interpolation problem (1). As a corollary of Lemma 2, this condition holds,
for example, in the case where the elements 11, m of Table 1 are regular, or
min{l - I',m - m'} = 0.

In the remaining part of this paper, continued fractions of the following form will
be considered

cO+cl'(x_y0)+---+ck'(x—yo)~--(x"yk_1)

g Ser1” *=yo) .- & _yk)l + Cr+a " (X "yk+1)|
C)) | 1 I 1
Cr+3° (X —yk+2)J
+
I 1 ,
where the points y; for i > 0 are defined by (3). Let T, be a set of elements lying on
a staircase in Table 1, or T}, = {’k,o’ Ter1,00Tk+1,10Th+2,10 - ¢ } for k = 0. We will
show that the coefficients ¢; for i = 0 in (4) can be defined in such a way that the con-
vergents of (4) are the elements of T, . First we prove a relationship between certain
elements in Table 1. '

LEMMA 4. Let v(x) = (x = yo)* (x = Y1) - - - (X = Yyym)s 1, oy = P1/q, and
Mtuym+v = P2 lq, with u, v = 0. There exists a polynomial w of degree at most
max{u — 1,v — 1} such that p; *q, —p,*q, = v*w. )

Proof. Let j and ¢ be such that / + m = _Eii:o s;tt—1land 1 <7<sg5,,.
Since we assumed that ", m and 1, 4, are solutions of (1), we get that p,/q, and
P,/q, are solutions of (2) by applying Lemma 3. The relationp, *q, —p,*q; = -
(py = f+4y)*a5 — (P, — f*q,)* q, then implies

;42 —pz-ql)(k)(xi) =0 fork=0,1,...,5;,—1landi=0,1,...,]j,

+...,

(P, Py a)®(x;4) =0 fork=0,1,...,¢t-1

Consequently, there exists a polynomial w such that p, *q, — p, *q, = v*w. Since
the degree of p, *q, — p, * q, is at most / + m + max{u, v}, we get that the degree
of w can be at most max{u — 1, » — 1}.

THEOREM 3. If the elements of T, are different from each other, then there
exists a continued fraction of the form (4), with ¢, ; # 0 for i = 1 whose convergents
are the elements of T.

Proof. Let Tkyij = p,_,_l./q,.ﬂ. fori=jj+1landj=0,1,2,.... We construct
a continued fraction of the form

a; o, %)
) %+ﬁ+ﬁ+ﬁ“.

whose nth convergent is equal to p, /g, for n = 0. This means that §, and o;, §; for
i > 0 have to satisfy the relations

Bo=Poa 30'31 +ao, =p,, 61=ql,

(6) ﬁn.pn—l +an'pn4—2 = Dp

} for n = 2.
Bn"ln—l +an.qn—2 =4,
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Consequently 8, = p,, f; = 1 and a; = p, —p,. These equations and the definitions
of p, and p, imply the existence of coefficients ¢y, ¢, . . ., ¢, 4, such that

BO=CO +cl°(x'y0)+~"+ck'(x‘J’o)---(x“yk._l) and

) = Cppp (X =yo) .. (x = yp).
Since ry o # 1y 41,0 We get py # py; consequently, ¢, 4, # 0. Using (6) and Lemma 4,
we get the existence of nonzero constants a,,, b,, such that

Q, =da, X — Yyyn_1) and B, =5, forn=>2.

By using an equivalence transformation, the continued fraction (5) can be reduced to a
continued fraction of the form (4) with ¢, ; # 0 for i 2 1. This concludes the proof.
The elements of T}, for k > 0 form the lower triangular part of Table 1. A
theorem, similar to Theorem 3, can also be given about the existence of continued frac-
tions whose convergents form a staircase {r, k>

the upper triangular part of Table 1.

Fok+1sTike1s T k2> T2 k2 - - 1N

4. The Computation of Osculating Rational Functions. In order to compute an
element T m in Table 1, several methods are already available. In most cases, a sequence
T, is constructed until r; ,, is reached, where the value of k must be chosen in such a
way that r; . is one of the elements of T, .

Methods to compute T, are given by Thiele [2] and Salzer [3]. In Thiele’s
method, reciprocal differences with confluent arguments are used, while Salzer’s method
gives a more direct approach avoiding confluent reciprocal differences. To compute T
for k = 0, methods of Thacher [5] and Kahng [1] are available. Thacher’s method is
based on the use of recurrence relations between the numerators and denominators of
consecutive elements in T, . In Kahng’s method, a certain type of divided differences
is used.

We will now describe an algorithm to compute the lower half of Table 1, by using
certain relations between the sequences T; and T, ,. A similar method can be given
to construct the upper half of this table. Consider the following continued fraction g,
for k = 0:

g =cotec(x—yo)t. ...t (x=yo). .. (x=yr_y)

+ ka1 =¥o) ... (x =y _ q’f*.‘-(x—yk+l)|

) | 1 [ 1
_ ef*! (= Vi) _ a;*! '(x‘yk+3)J _
l l l l CEEEEN'Y

If the elements of T are different from each other, then it follows from Theorem 3
that the coefficients in g, can be defined in such a way that the nth convergent 8k.n

of g, is equal to the nth element of T, . Using contraction [4, p. 389], it is possible to
obtain a continued fraction h; whose convergents &, , satisfy the relation &, , =
8k,2n+1 for n=>0. If we also consider g, , ; then h; | can be defined such that
Rys1,n = 8k+1,2n for n = 0. It is clear that the convergents of h; and h, , , represent the
same rational functions, namely, r, , | 09 k+2,15Tk+3,25 - - - for kK =>0. By identifying
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thie corresponding coefficients in h, and h, , ,, after normalizing, we get the following
relations for k = 1:

1 ¢ 1
®) g = — - K k= — . ghtl gk
k ’ 1 1 1°
di ¢ %
and for i = 2:
d"‘_z el‘jll d,'c—l
© k= SEelaN e ) = ol v af ] -k
i €_1 d;

The normalizing constants d:‘ satisfy the following relations for k > 1:

Crk+1

(10) d(,;=1’ d,l‘=1+ * [ka—yk],

Ck

k+1
e
(11 df =df_ [ +z; ;0 ef 5 —df o zk,i.[tl‘jll : "7—]

i-1
with 2, ;= Y4012 = Ve42i-g for i 22

The elements 7, o for k > 0 in the first column of Table 1 are osculating polynomials.
This means that ¢, c,, c,, . . . can be computed by using divided differences with con-
fluent arguments [4, p. 246]. In order to use the algorithm, a scheme of the form
given in Table 2 can be constructed.

dl  q!
el
dt 4} d; 43
e} e
@ 4 d 4 dy 43
e} e e3

TABLE 2. Table of coefficients used in the algorithm

It is convenient to define the elements eg = O for k 2> 1, since in this case the formula
(9) for e¥ can also be applied for i = 1. The first and second columns in Table 2 can
be computed by means of (10) and (8). In order to compute the other columns, the
formulas (9) and (11) can be used. The above algorithm is now illustrated in a simple
example.

Example 2. Let xo =0,x, = 1,5, =5, =2 and f{® =1, f{V = f{0) =2,
fl“) = 3. Using divided differences with confluent arguments, we get ¢, = 1,¢, = 2,
¢, = —1and c¢; = 3. The corresponding elements in Table 2 are d{ = 1%, q} =-1,
df =1, qf = —3,e; = —5. Using these coefficients, we can form the osculating con-
tinued fractions (7) whose convergents are the (I, m)-osculants of f. We get
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To,0 = 1,

1+3-x
r1’0=l+2°x, ra= _———1+x s

rao=1+2-x-x%

A 6-x2-x-2)3
2,1 x —2/3

r3’0=1+2-x—4x2 +3x3

5. Special Cases. In the case of ordinary rational interpolation s; = 1 for i =0, 1
2,.... The corresponding theory and algorithm for this situation is given in [6] and [7]

In the case of Padé€ approximation, ¥; = xq for i 2 0, The relations (10) and (11)
imply d¥ = 1 for all i >0 and k¥ > 1. The algorithm described by (8) and (9) is then
identical with the gd-algorithm [4, p. 402].
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